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Errata:

1. Equation (1) should be changed to

n2 f(xO) + fhf )!(x)dx = h(E f(xi)+ +f(24) (f(_) + f(XI) + f(z,2) - /(x.))

2. Equation (2) should be changed to

n-2 /(o +(._)
7(f) = h(- f(zi) + ) + hZ ai(f(xn-,) - f(xJ))

5- 2=1

3. The weights tabulated in Section 7.1 are -0, and not 1 as they should be.



A group of quadrature formulae is presented applicable to both non-singular functions and
functions with end-point singularities, generalizing the classical end-point corrected trape-
zoidal quadrature rules. We present an algorithm for the construction of very high-order
end-point corrected trapezoidal rules, taking advantage of functional information outside
the interval of integration. The scheme applies not only to non-singular functions, but also
for a wide class of functions with monotonic singularities. Numerical experiments are pre-
sented demonstrating the practical usefulness of the new class of quadratures. Tables of
quadrature weights are included for singularities of the form s(x) = log([jz), s(x) = 1X1A for
a variety of values of A.
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1 Introduction

The trapezoidal rule is known to be an easy and numerically stable means for numerical in-
tegration. If a function is periodic and analytic on the interval of integration, the trapezoidal
rule converges exponentially fast (see, for example, [7]). However, for non-periodic functions
the trapezoidal rule is second order convergent, and end-point corrections are often used to
improve the convergence rate. A standard end-point corrected trapezoidal rule is fourth order
convergent, and is given by the formula

jb n2f (xo) + f x., h
Sf(x)dx - xf(xi) + 2 + F(-f(X-) + f(XI) + f(Xn-2) - f(20),i=1

(1)

where, h = (b - a)/(n - 1) and Tj = a + ih for i = 0, 1,2,...,n - 1 (see, for example [I]).

More recently, the Euler-Maclaurin formula is used in 14] to obtain a high-order end-point
corrected trapezoidal rule of the form

n-2 + f(x,-) mTn•(f) -- • '• f(xi) + f +f)+ h 1x o)(f xn- ) - f j)), (2)
i= 2 =1

where a = (al, a 2 , ... , am) are coefficients such that

IT2n(f) f f(x)dz I< c (3)
nmn

for some c > 0.

The scheme of [4] provides satisfactory quadratures upto order 12; for higher orders, the coeffi-
cients a grow rapidly, rendering the scheme useless. In this paper we develop a different class of
end-point corrected trapezoidal rules, whereby the growth of correction weights is suppressed,
enabling the construction of end-point corrected trapezoidal rules of arbitrarily high order for
non-singular functions.

In [5], end-point corrected quadrature formulae are developed to approximate definite inte-
grals of singular functions f : [a, b] -1 RI of the form

AX) = (xS) + OW, (4)

and

A = (5)
where a < 0 < b, 4(z),•(z) E ck[a,b], and s(z) E c[a,b] is an integrable function with a
singularity at 0. The procedure developed in [5] provides satisfactory quadratures only upto
order 4; for higher orders, the quadrature weights grow rapidly, also rendering the scheme
useless. In this paper we construct a different class of end-point corrected trapezoidal rules,
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whereby the growth of quadrature weights is partially suppressed for functions of the form
(4), obtaining useful quadratures of order upto 12; and completely suppressed for functions
of the form (5), providing quadratures of arbitrarily high order. Moreover, we obviate the
programming inconvenience associated with the procedure developed in [5], which requires that
functional information be tabulated on a grid finer than that required for the uncorrected
trapezoidal rule.

Remark 1.1 The approach of this paper is somewhat related to that of [9]. However, [91
constructs quadratures in higher dimensions, and these quadratures are of relatively low order.
In this paper, we construct one-dimesional rules of very high order. Furthermore, most rules
of this paper are "standard" in the sense that the correction coefficients do not depend on the
number of nodes in the trapezoidal rule being corrected, or on the sampling interval.

2 Mathematical Preliminaries

In this section we summarize some well-known results to be used in the reminder of the paper.
Lemmas 2.1, 2.2 and 2.3 can be found, for example, in [1].

Definition 2.1 Suppose that a, b are a pair of real numbers such that a < b, and that n > 2 is
an integer. For a function f : [a, b] --+ R1, we define the n-point trapezoidal rule Tn(f) by the
formula

n-1 f(a) +f(b))
Tn(f) =h(Ef(a+ih) 2 (6)

i=O

with
h = (b-a)/(n-1). (7)

The following lemma provides an error estimate for the approximation to the integral given by
the trapezoidal rule. Along with Lemma 2.2, it can be found, for example in [1].

Lemma 2.1 (Euler-Maclaurin formula) Suppose that a, b are a pair of real numbers such that
a < b, and that m > 1 is an integer. Further, let Bk denote the Bernoulli numbers

1 -1 1

B2 B4 = --6, B6 = 3-0'...,. (8)

1f f E c2m+ 2 [a, b] (i.e., f has 2m + 2 continuous derivatives on [a, b]), then there exists a real
number ý, with a < C < b, such that

rm h2l 23 h2m+2B2,22+() 9
Sf(T)dx = T,(f) + 21) (f( 2 - 1)(b) - f( 21-1) (a)) - h 2r n+2  f2m+ 2(C) (9)

(2/)! (2m2 + 2)!



The following well-known lemma provides an error estimate for Lagrange interpolation.

Lemma 2.2 (Lagrange interpolation formula) Suppose that a, b are a pair of real numbers such

that a < b, m > 3 be an odd integer, and f E cm [a, b]. Furthermore, let h be defined in (7), and

f be tabulated at equispaced points, Xk = b-* + kh. Then for any real number p there exists a

real number , -mh < nmh, such that

2

f(xo + ph)= Am a(P)f(Xk) + Ri, (10)

with
rn--i rn-iAm(p) _ (- - (p+ M- t), (11)

(M1 k!74 I- )(p- )t=O 2

and

RM-i -1 1 (p- k)hmf(m)(ý). (12)
k=- -MI

Lemma 2.3 If f : [a, b] - R1 is a function satisfying the conditions of Lemma 2.2, and the

coefficients D.k are given by the formula

D,= 0 (2- )(Am(p)) IP=o, (13)

then
M-i

f;-(o)= ;] ,...x) (4
anyhrn)-i k + O(hm), (14)

k=-- -1

for any m, i such that -M- < k < M-1, and 1 < k <_ -.

Proof. The proof is as an immediate consequence of (10) and (13). 0

Lemma 2.4 Suppose that m, 1, k are integers, and the coefficients a'1 are defined by the recur-
rence relation

a.,I = 1, (15-a)

ala, 2 = 1, (15-b)
2k+1 = (k - k 2 )a•2 k- + a2k-I + 2k-I (15-c)

0k~ -- ' k-1,l " k-I,-I k_1,1-_21

a m- 2 = am. - -2 a (15-d)
k k,1-2 - (-- ) k,,



witha' =0,forallk<O, or <O, orm< 1. Then

m-I +k

-1)-- F_ P (16)k 2 ( + k)!(zz-I - k)! a=1k,

for any odd m > 3, 1 < k < M-_ and A'(p) is defined by (11).

Proof. Due to (11),

Am(p) -k~) (17)~
whr e + k)!(- 2-1 - k)!Ck(pl' (17)

where

mlrk, rn- + t). (18)C•"P) (-k) rI p 21
t=O

Thus it is sufficient to show that
r-I"

Ck"(p) = , ak,,p1 . (19)
1=1

This will be shown by induction. Indeed, if m = 3 then, due to (18),

C3(p) = p2 + p, (20)

which is equivalent to (15-a),(15-b).
Assume now that for some m, k such that _M-1 < k < M-1

"rn-I
2

Ck'(p) a ap. (21)
1=l

Combining (18) and (21), we have

re+l, m+l) 2  ,m1
=2Ckl+2(p) =(p + M-+--)(p _ Ma+ 1

1=

2 -2 _akkp

1=1
r--I rn--(p2 - M + +))E a'I

2 M +2 M+ 1 2"•"
a" 1P+2 - 2 a' 1 , (22)

1=1 1=1

which is equivalent to (15-d).
Now, assume that for some k

k
C~k+l(p) = a,2k+1 (23)

4=1
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Combining (23) and (18), we have

k

Ck+3(p) 2k+Ck~ap (p -k)(p -(k + 1)) a,'I P
1=1
k

= (p2 + p - (k 2 +k)) • , •+P
1=1

k k k
= a2k+l p 1 +2 + E a2k+lP1+1 - (k2 + k) E a 2k+lp 1,

=11=1 1=1

(24)

which is equivalent to (15-c). 0

Lemma 2.5 Suppose that m > 3 is odd. Then,
(-1'+k

i)k = (1 a+k(2. 1(2i 1)!, (25)

for any k, i such that -my-' < k < -1, 1<ia-
2 - - "2" -n - 2 ' -

with the coefficients am, defined by the recurrence relation in Lemma 2.4.
Proof. Substituting (16) into (13), we immediately obtain

Dm  
- (--1)i-+k 09(2i-1) M-1 =ra = ak1P1 jp=0

ik (Mn--1 + k)!(-!J- k)!ap(21i-1) 1= 1

=(Mn-12 + k)!(m'-1 k Iak,2i-1(2, a i - V). (26)

20

The following six lemmas provide identities which are used in the proof of Theorem 3.1.

Lemma 2.6 If k > 2 is an integer and am" is defined in Lemma 2.4.

I(-)!a k+ I < I(/+2)!',akz+I, (27)

for all I = 1,2,...,2k - 3.

Proof.
If k - 2, and l -- 1 then I(1)! .aI-2, (3)! .a2, 3 I= 12, and therefore (27) is obviously true.
Now, assume that

2+ 2k+(28)a~) ,,, I < I1(I+ 2)!'..ak,1+2 (8
for some k > 2 and all l = 1,2,...,2k- 3.
Now, due to (15-a), (15-b), (15-c), and (15-d),Ml ! ,2k+3 ; 2 k,2+I ,2k+I ,k •• I L( 9

"( k+) I = (((k + 1) - (k + 1)2)ak,l + a-k,I- + akl (29)

5



and
(+ 2).'k+3 J)2 2k+I 2k+l ,,k+I)(+2). (0

(I1+ 2)! +. +2 = (((k + 1) - (k + ))ak.+2 + ak~l+i +akI -I+ 2)!. (30)

Finally, combining (28), (29), and (30) we easily obtain
-a) 2+3 1<1 !.2+3(31)

k+,I < I 1 (,+2)!.ak1,*+2 1(

for all I = 1,2,...,2k- 1. 0

Lemma 2.7 If k > 2 is an integer, and alk is defined in Lemma 2.4 then

aml) < 1(1+2)!'a'~+ 2I, (32)

forallm > 2k+ I andl= 1,2,...,2k- 3.

Proof. Lemma (2.6) establishes the base case, i.e., that (32) is true when m = 2k + 1.
Now, assume that

I (l)!'aka < I(l + 2)!am, +2I, (33)

for some odd m > 2k + 1, and all I = 1,2,...,2k - 3.
Now, due to (15-a), (15-b), (15-c), and (15-d),

( am+ 2  (am'L. + 1 (2m ) (34)
(l•• l:I k,t- )2 a ,) k 1, (4

and
(l + 2)! a,+2 (am m + 1,)2 a'1 2 ).(I+2)!. (35)•tk,1+2 -" 0a~ -- t'-• k,+)"t+2).(5

Finally, combining (33), (34), and (35) we easily obtain
(1)!.Ia •,' I < I(l+2)!.a"k4l2+ 2  (36)

for all I = 1,2,...,2k- 3. 1

Lemma 2.8 If m, k are integers such that m > 3 is odd, and -M-1 < k <_ -, then

I (1)!.a, I< (3)!. a%' 1<1 (5)!. a'5 I< ... <1 (m - 2)!.a'm..,.2 • (37)

Proof. This Lemma follows directly from Lemma 2.6 and Lemma 2.7 0

Lemma 2.9 If m > 3 is odd, then

(m - 1)(m - 2)! < (27)m-1 (38)
2((M2-1)!)2 4

S• = . .. .. , i l I I I I



Proof. If m = 3 then obviously 1 < (2'.

Now, assume that for some odd m > 3,

(m - 1)(m - 2)! (2,)n-3
."2(( n2 ')!)2 4

Obviously,
(m + l)(m) _ 4m

(-M+ (M) +41)< (27r) 2 , (40)((-')2 (M + 1)

and combining (39) and (40) we obtain

(m + 1)(m) (m - 1)(m - 2)! (27r)m-i (2vr)2, (41)
(m+I))2 2 ((m-')!)2 < 4

which is equivalent to
(m + 1)(m)! (2,)m+(

4 (42)
Now, the conclusion of the lemma is an immediate consequence of (39) and (42). 0

Lemma 2.10 If m > 3 is odd then

D I< (2•r) M-1 (43)
I,k< 4

for any k, i such that -M-__1 < k < -', and 1 < i < 0-.

Proof. Combining Lemmas 2.5, 2.6, 2.7, and 2.8, it is easy to see that
ID'n, I < I Dm•, I < ... < I Dm.-zkI. (44)

Consequently, it is sufficient to show that

Dm(2r) M-1 5
M -D___ k I < (45

2 4
First we observe that (obviously) for any k such that -M•_ < k _< 0,

k(m - 2)! (m - 1)(m - 2)!
(rn + k)!(-=1 - k)! 2((m-,)!)2

Then, we combine (15-a), (15-b), (15-c), (15-d), and (25) to obtain

Sk(m - 2)! (47)

Now, (45) follows immediately from the combination of (46), (47), and Lemma 2.9. 0

7



Lemma 2.11 For any I > 1 the Bernoulli number B21 satisfies the inequality

B2 4 (48)I 21I! (2.)21.

Proof. As is well known (see for example, [1]), for any I > 1

B21 = (-1)1-12(2l)! 1 (49)
B1 (21r)21? E (49)

and
001

SF < 2. (50)
k=1

Now, the conclusion of the lemma is an immediate consequence of (49) and (50). 0
The proof of the following lemma can be found in [5].

Lemma 2.12 Suppose that m > 1, s E c'(0, 1] possesses a finite integral on the interval [0, 1],
and that s(')(x) is monotonic in some neighborhood of 0. Then the product x.s(x) is bounded on
[0, 1]. Suppose further that w E cm[0, 1] is such that w(0) = w'(0) = w"(0) = ... = w(-)(0) = 0.
Then the function O(x) = s(x) . w(x) is defined on the closed interval [0, 1], and 0(0) = 0'(0) =
'1(0) = ... = 0(m)(0) = 0.

3 End-point Corrections for Non-singular Functions

3.1 End-point corrected trapezoidal rules

While the authors have failed to find the contents of this section in the literature, it is an
immediate consequence of well-known facts from classical analysis. We present it here for com-
pleteness, and because we found the resulting high-order quadrature rules quite useful (see
Section 7.1).

Suppose that n, m, are a pair of integers with m > 3 and odd, and n > 2. Further, suppose that
a, b are a pair of real numbers such that a < b, h = (b-a)/(n- 1), and f : [a-mh, b+mh] --+ R1
is an integrable function. We define the corrected trapezoidal rule T;,. for non-singular func-
tions by the formula

T•,•(f) = T,•(f) + h • (f(b + kh) - f(a + kh))/3'". (51)rn-I

2

The real coefficients 0•' are given by the formula

OM D'kB (52)
1=1 (21)!

8



where Dn are defined in (13) (also, see (25)) and B 21 are the Bernoulli numbers.

We will say that the rule T3,. is of order m if for any f E c- [a - mh, b + mh], there exists a
real number c > 0 such that

I T3-(f) - ()dx 1< -. (53)

Theorem 3.1 If m > 3 is an odd integer then for any k such that _-__ < k < rn-i-- 2

n--1
IfOT1< 2 ' (54)

where the coefficients O'n are defined in (52).

Proof. Combining Lemma 2.10 and Lemma 2.11 we immediately observe that
D-
Dk - 1, (55)

(21)1

and hence
-DkB 21 rn-i

1k -(2-1)! < 2 (56)

0

Remark 3.1 A somewhat more involved argument shows that in fact I13 < 1 for all k,m;
empirically this can also be seen from the tables in Section 7.1 below. However, for the purposes
of this paper (56) is sufficient.

Theorem 3.2 Suppose that m, n are a pair of integers with m > 3 and odd, and n > 2.
Further, suppose that a, b are a pair of real numbers such that a < b. Then, the end-point
corrected trapezoidal rule Tx,,, is of order m, i.e., for any f : [a - mh, b + mh] -- R' such that
f[a - mh, b + mh] E cm[a - mh, b + mh], there exists a real number c > 0 such that

I Tj;.(f) - f(x)dx I< -. (57)nm

Proof. Combining (52) and (51), we obtain

2r r-' D m. B 21
T;•(f) = T,(f)+h (f(b+kh)-f(a+kh))Z "(2)

k=-nm-._.=1 (21=!
2

2 h2tB 21  = D,(f(b + kh)h- f(a +kh))
= Tn(f) + E (21)! ( E )211 (58)

9



Combining (14) and (58), v'e have

--f" h 21B21 (f (21-1)b f f(21-1()_2(tl•(9T;.(f) = Tw(f) + (21! )(- 2R -1  (59)

Finally, combining (59) with Lemma 2.1, we observe that for some a < ý < b,

fat, htm Bm
T n(f)= (x)d+2Rn,- + m- f(), (60)

and the theorem immediately follows from (60). 0

Remark 3.2 It is easy to see that for m > 3 and odd, and any k such that -- < k < in-'

DT = -D', and D' = 0 (due to (13)), and hence /0k = -03m and Po = 0 (due to 52).
Now, instead of (51) one could define the end-point corrected trapezoidal rule by the formula

rn2i

T;r(f) = Tn(f) + h E (f(b + kh) - f(b - kh) - f(a + kh) + f(a - kh))/3m. (61)
k=1

4 End-point Corrections for Singular Functions

In this section we construct a group of quadrature formulae for end-point singular functions,
generalizing the classical end-point corrected trapezoidal rules. The actual values of end-point
corrections are obtained for each singularity as a solution of a system of linear algebraic equa-
tions. All the rules developed in this section are simple extensions of the corrected trapezoidal
rule T1,; developed in the preceding section.

A right-end corrected trapezoidal rule TAm is defined by the formula
rn--I

AX-)n-22T16-(f) = h(2(- + f (x)) + h E(f(b+kh)-f(- kh))3r (62)

i=1 k=1

where f(0, b + mh] - R1 is an integrable function, n, m are a pair of natural numbers with
m>_ 3 and odd, the coefficients #1 are given by (52), and

b
ni-

i= h. (63)

We will say that the rule TA,,, is of right-end order m 2_ 3 if for any f E cm+l [0, b + mh] such
that f(O)[214z = f'(0) = ... = f(')(0) = 0, there exists c > 0 such thatb

I T ,,,(f)- f(x)dx I< .4-. (64)

10



It easily follows from Theorem 3.2 that TAm is of right-end order m.
Similarly, a left-end corrected trapezoidal rule T•Z3 is defined by the formula

r--I

T-n f(x...(n...l n-2 2
T.,(f) h(f 2 + f(x-i)) + h E (-f(-b + kh) + f(-b - kh))Pk', (65)2

i-1 k-=1

where f1-b - mh, 0) -+ R1 is an integrable function, n, m are a pair of natural numbers with
m> 3 and odd, the coefficients O are given by (52), and h, xi are defined by (63). We will
say that the rule Trno, is of left-end order m > 3 if for any f E cm+l[ -b - mh, 0) such that

f(O) = f'(O) = = f(')(0) = 0, there exists c > 0 such that

fT-M4 f(.T)d.T I< -. (66)
_b~ n

It also easily follows from Theorem 3.2 that TZ,• is of left-end order m.

Suppose now that the function f(-kh, b + mh] -+ R1 is of the form

f(x) = O(x)s(x) + O(x), (67)

with ¢, ¢ E ck(-kh, b+ rnh], and s E c(-kh, b+ mh] an integrable function with a singularity at
0. For a finite sequence a = (-k,a_(k..),a-.,cl,...,a) and TAn defined in (62), we define
the end-point corrected rule Tom by the formula

k
T•n,o-(f) = p T•t(f ) + h E ai jf(xi), (68)

jf-k~j~o

with h = b/(n - 1), xj = jh.
We will use the expression T~nCm with appropriately chosen a as quadrature formulae for
functions of the form (67), and the following construction provides a tool for finding a once
Om = (,6 ,. is given, so that the rule is of order k, i.e., there exists a c > 0 such

that 
2

I - f(x)dx 1< Tk. (69)

For a pair of natural numbers k, m, with k > 1 and m > 3 and odd, we will consider the following
system of linear algebraic equations with respect to the unknowns a•, with j = 0, ±-1, ±2,..., ±k:

k _- _n 1 b n
,= Xjaxo ldx T" - (70)

j=-k,j*O

for i = 1,2, ...,k, and
k 1- - n b -

X zj' s(xj)a" = - jo x-- 1 s(x)dx - Tam(Xik-s(Z))' (71)

11



for i = k + 1, k + 2,..., 2k, with h = b/(n - 1), xj = jh and TRtm,. defined by (62). We denote

the matrix of the system (70), (71) by As , its right-hand side by Yenk and its solution by
an = (cank, n(k-.)'", -1, a•, ... , an). The use of expressions T•j•m as quadrature formulae

for functions of the form (67) is based on the following theorem.

Theorem 4.1 Suppose that a function s: (-kh, b+ mh] -* R 1 is such that s E ck(-kh, b+ mh]
and sk is monotonic on either side of 0. Suppose further that the systems (70), (71) haves lutons(n a.n -an,.. O n

solutions - (k- l ) for all sufficiently large n, and that the sums

k

F (a&)2 (72)
,j=-k~j$O

are bounded uniformly with respect to n. Finally, suppose that the function f : (-kh, b + mhj
R1 is defined by (67). Then, there exists a real c > 0 such that

f~ n c (3
I T,0-(f) - faf(x)dx 1< T (T3)

for all sufficiently large n.

Proof. Applying the Taylor expansion to the function f at x = 0 we obtain

f(z) = P(f)(Z) + Rk(Ob)(z)s(x) + Rk(Mb), (74)

where k 'OW (0) kVW 0PUf)(x) = siX) E -- X + E (i)(0 x (75)

/=0 (i! i=0

and Rk(O), Rk(•) are such functions [-kh, b + mh] .-* R1 that

R'kCo)(0) = RZ(4o)(0)= ... = Rlk)(0)(0) = 0, (76)

R'k(0)(0) = R"(Cb)(o) = ... Rk)()() = 0. (77)

Substituting (74) into (73), we obtain

I Tno,,(f) - f(x)dx I < I Tn.am(P(f)) - P(f)(x)dx I +

I TgnnO,,,((Rk(4O)• s) + Rk(CP)) - 0 ((Rk(•4(x))s(x))(x) + Rk(tP(X)))dx I. (78)

Due to (70), (71)

Tn. (P(f)) - 1 P(f)(x)dx = 0, (79)

12



and we have

T.n'O,(f) - j f(x)dx I<

I RT,.k(s. Rk(O)) - fob(s• Rk(k))(x)dx I

+ I RT,,k(Rk(O)) - fo'(Rk(b))(X)dX I

+ IE I(Rk(¢)(jh)s(jh)ac') + (R(?(O)(jh)ac') . (80)

Due to (77) and (64), there exists cl > 0 such that

I RTP,.k(Rk(1k)) - (Rk(O))(x)dx 1< ..•* (81)10 nk"

Combining (76), (64), and Lemma 2.12 we conclude that for some c2 > 0

I RTk(s . Rk(O)) - •(s Rk(O))(x)dxJ< (82)

Finally, combining (76), (77) and Lemma 2.12 we conclude that for some C3 > 0,

k 
LC3I , (Rk(O)(jh)s(jh)acn) + (Rk(O)(jh)a'&) J< --•- (83)

j---k,j*O 
. k

Now, the conclusion of the theorem follows from the combination of (81), (82), and (83). 0

4.1 Convergence Rates for Singularites of the forms Ixj" and log(JxJ)

For the remainder of the paper, 01, 02, ... , 0•k will denote functions (-kh, b + mh] --. R1 defined
by the formulae

Oi(X) = i-1 , (84)

for i = 1,2,...,k, and

(x)= -k-s(), (85)

for i = k + 1, k + 2, ... , 2k. The following lemma is a particular case of a well-known general fact
proven, for example, in [8].

Lemma 4.2 If s(x) = xA with A a real number such that 0 < IAI < 1, then the functions
'01, 02...,',2k constitute a Chebyshev system on the interval (-kh, b+mh] (i.e., the determinant

of the 2k x 2k matrix Bij defined by the formula Bij = Oi(tj) is non-zero for any 2k distinct
points on the interval (-kh, b + mh]).

Theorem 4.3 If s(x) = IxlV with 0 < IA! < 1, then the convergence rate of the quadrature rule
T*,is at least k.
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Proof. It immediately follows from Lemma 4.2 that the matrix of the system (70), (71) is
non-singular. We rescale the system (70), (71) by multiplying its ith equation by 1, for
i 1 , 2,..., k, and by.h,--.1~k+, for i = k + 1, k + 2,...,2k, obtaining the system of equations

k �tojxi 1 dx - (86)
jf -kj$O

S= 1, 2, ... , k, and

k ji-k-1+A i-k-1 T m(Xi-k-l+A)), (87)

~ jik1+~ =h-k+,\ (j ik+Adx (87
j=-k,j*O h

for i= k+ 1,k + 2,...,2k.
We will denote the matrix of the system (86), (87) by Bk, and its right hand side by Zn. Ob-
viously, Bk is independent of n, and using Theorem 3.2 we observe that if m > k then IZnI is
bounded uniformly with respect to n. Now, due to Theorem 4.1, the convergence rate of T,",

is at least k. 0

The proof of Theorem 4.3 can be repeated almost verbatim with s(x) = log(jXj), instead
of s(z) = jxj", resulting in the following theorem.

Theorem 4.4 If s(x) = log(Ijx) then the convergence rate of the quadrature rule Tbn,,O, is at
least k.

4.2 Asymptotic behaviour of correction coefficients as n --+ 0o

An obvious drawback of the expressions Tnm as practical quadrature rules is the fact that
the weights an = (ckk,..., C1, a,'-.,a) have to be determined for each value of n by
solving a system of linear algebraic equations. For singularities of the form s(X) = log(Ixf),
s(x) = jxjA we eliminate this problem by constructing a new set of quadrature weights - =

(-v-k, 7Y-(k-1), ---, ^f-1, f-i, -. , Ilk), independent of n, and such that the quadrature rules Tnm are

still of order not less than k.

Lemma 4.5 Suppose that /P = (/3•,,, is such that the right-hand order of the

quadrature formula Tjtmn is m. Further, let z > 0 be some real number. Then far any integers
p, q such that p < q,

X~(T,'m,(Z')_ - 0X'dz) - -J xx) 1= O(h---*-), (88)

where hp =b/(p- 1), and hq = b/(q - 1).

Proof. Due to Theorem 3.2, there exist real C1 , c2 > 0 such that

b k
( ( -Xdx) = cih' - hp E (jhp)z, (89)

14



and
(T•.,(xZ) - x'dx) = C2hAT - h9q j=k (90)

J0 j=-k

Now, combining (89), (90) we obtain
I _ (T~R( -(ZT) - fob x'dx)_ h_- I(T~pm(X) _ fob xzdx)

1 k 1 k
- -(clh' - hp E (jhp)') - + (c2 hj' - hq E (jh,)z)

h j=-k j=-k

k k

(ci,, - (j))- (C2 h - (j)z)
jf -k jf -k

= chM-- 1 _ c2 h•-z-1

= O(hz--). (91)

0

Theorem 4.6 Suppose that k,m are two natural numbers such that k < m - 1 and that
0= ( is such that the right-hand order of the quadrature TRa, is m. Suppose

2

further that s(x) = IxI, with 0 <I A 15 1, and that the coefficients (k,a_(k_),a•i, c,...,e )
are the solutions of the system (70), (71). Then

1) There exists a limit
lim,.ooa? = 7ti, (92)

for each i = 1,2,...,2k.
2) For all i = 1,2,...,2k,

I C'7 - -Yi I= 0(;F•). (3

3) 7y, do not depend on m, as long as m > k + 1.
4) The quadrature formulae Tn,,6, are of order at least k.

Proof. Suppose that p, q are two natural numbers, and p < q. Obviously,

aP = (Bk-'Zk,

at9  
= (k_ ~

ap- aq = (Bk)-(ZP- ZI). (94)

Due to Lemma 4.5, there exists c > 0 such that

cZp- Zkl < C (95)

pm-k'
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and by combining (94), (95), we see that for some d > 0

dq < 7_ (96)

Since the weights an constitute a Cauchy sequence, they converge to some limit

7 = (7-k,7-(-1), ... ,7-1,71,...,7k), which proves 1, and 2, 3, 4 follow easily. 0
The proof of the following theorem is a repetition, almost verbatim, of the proofs of the Lemma
4.5 and Theorem 4.6

Theorem 4.7 If under the conditions of Theorem 4.6 we replace s(x) = IxIA with s(X) =

log(Izx), conclusions 1-4 remain correct.

For singularities of the form JxJA and log(IxI), Theorem 4.6 and 4.7 reduce the quadratures
T.,6 to the more "conventional" form

k

jf(x)dx P- Tfin,(f) = TAjm(f) + h E 7Jf(xj). (97)
j=- kj#o

Remark 4.1 The whole theory in sections 4.1-4.2 has been constructed for functions with a
singularity at the left end of the interval. Obviously, an identical theory holds for functions
with a singularity at the right end of the interval. However, in all formulae the expression TAP-
has to be replaced with Tnom (see (62), (65)).

4.3 Central Corrections for Singular Functions

In this section, we will be considering functions f[-b - mh, 0) U (0, b + mh] --I. R1 of the form

f(X) = O(W)s(W) + OW(x), (98)

with 4', ' E cl[-b - mh, b + mh], and a E c[-b - mh, 0) U (0, b + mh] an integrable function with
a singularity at 0. We will define the central-point corrected trapezoidal rule

I

T•,n,(f) = TAm(f) + Tjm(f) + h EJ>ý(f(xj) + f(x-i)), (99)

with h, xi defined by(63), P defined by (52), TRm, TZI,6 defined by (62) and (65) respectively,
and pn = (p,, p, ...,,jA) an arbitrary sequence of length 1.
We will use the expression Tn,. with appropriately chosen y" as quadrature formulae for
functions of the form (98), and the following construction provides a tool for finding A" once
81, is given, so that the rule is of order 21, i.e., there exists some c > 0 such that

I -(f) b f-)dx j< (100)

16



For a pair of natural numbers 1, m, we will consider the following system of linear algebraic
equations with respect to the unknowns pý':

-- - b d (X - Tj~0m(x (101)

for i= 1,2, ... ,1, and
I b6

?i-2-22 1s(x")Pj" = b xm2i-2-21s(X)dx- TA,.(x2i-2-21s(x)) - Tj •m(x2i-2-2 1 s(x)), (102)
j=1 b

for i = l+ 1,l + 2,...,21, with h = b/(n- 1), xi = jh.
The proofs of Theorem 4.8, 4.9, and 4.10 are almost identical to those of Theorems 4.1, 4.3,
and 4.6 respectively, and are thus stated below without proof.

Theorem 4.8 Suppose that a function s : [-b - mh, 0) U (0, b + mh] -+ R1 is such that 8 E
cl[-b - mh, 0) U (0, b + mh] and s1 is monotonic on either side of 0. Suppose further that the
systems (101), (102) have solutions (!n_., ,n izt, , ,n, ... , n4) for all sufficiently large n, and

that the sums
S(p•,)2(103)

.i=-I,3#o
are bounded uniformly with respect to n. Finally, suppose that the function f : [-b - mh, 0) U
(0, b + mhl -+ R1 is defined by (98). Then, there exists such c > 0 that

Lb c 14
I Tnjn (f) - f(x)dx I< (104)

for all sufficiently large n.

Theorem 4.9 If s(x) = IxIA with 0 < JAI < 1, ors(x) = log(IxI), then the convergence rate of
the quadrature rule T•,a,• is at least 21.

Theorem 4.10 Suppose that k,m are two natural numbers such that k < m - 1 and that
/3 = (I3ý, /3•, ... , I,) is such that the right-end order of the quadrature TRp, is m, and the

left-end order of the quadrature TLgm is m. Suppose further that s(x) = IXIA, 0 <1 A, 1- 1, or
s(x) = log(IxI), and that the coefficients (.,n_(k ),nn . ) are the solutions of the
system (70), (71). Then

1) There exists a limit
limn.ool' = Pi, (105)

for each i = 1,2, ... ,2k.
2,) For all i= 1, 2, ..., 2k,

1lfI' - #s• I= O( -',--•_z)- (106)

3) pi do not depend on m, as long as m > I + 1.
4) The quadrature formulae Tnm are of order at least 21.
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For singularities of the form lxiA and log(lxj), the Theorem 4.10 reduces the quadrature to the
more "conventional" form

p6
]f(x)dx ;t Tnp.(f) = TACm(f) + T•ng(f) + Zpj(f(xi) + f(x)).7)

6 j=1

4.4 Central Corrections for Singular Functions f(x) = Ok(x)s(x)

In this section we construct a quadrature formula specifically for the purpose of approximating
definite integrals of functions of the form

fPx) = O(x)s~x), (108)

where O(x): cP[-b - mh, b + mh] -- R1, and s E c[-b - mh,0) U (0,bb + mh] an integrable
function with a singularity at 0. For a finite sequence p = (Po, P1, P2, -.. , pp), and TR#,-, TLo,,
defined in (62) and (65) respectively, we define the corrected trapezoidal rule Tpn,,3  by the
formula

T, #- (f) = TR'O(f) + Tnm(f) + h E"p (4)(jh) + 4)(-jh))). (109)
j=0

For integers n, m, p where n > 2, p > 1, m > 3 and odd, we will consider the following system
of equations with respect to the unknowns pn = (ps, pn, pn, ... , pp):

P 1
~ 2,-2 2i-2 2i232) ~rn.~ -,~ 1 fx-2 p n 1 (x 2 s(x))dx - Tm(x 2 -2 8(x)) - T,(x2i-2s(x)), (110)

j=0 h-

where, h = b/(n - 1), xi = jh, and i = 1,2,...,p+ 1.
The proof of the following theorem is almost identical to the proof of Theorem 4.1.

Theorem 4.11 Suppose that n > 2 is an integer, and h, xi are defined by (63). Further,
suppose that f(z) = 46(x)s(x) where 0 : [-b - mh, b + mh] -- R1, and s E c[-b - mh, 0) U
(0, b + mh] is an integrable function with a singularity at 0. Finally, suppose that the system
of equations (110) has a solution (p',p•, ...,p) for any sufficiently large n and that the sums

jfFo(Pj )2) are bounded uniformly with respect to n. Then there exists a real c > 0 such that

I T (f) f()dx 1< (111)IT~~f -b n2-p"

The proof of the following theorem is almost identical to that of Theorem 4.6, and is omitted.

Theorem 4.12 Suppose that s(z) = log(IxJ). Then for all n > 2p, the system (110) has a
solution pn = (PoP ,P and

b P
Po= hl log(ll)d- TA,,log(lxl)- Tj,#..log(lzl)- pj= . (112)
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FuT,:hermore, there exist such real numbers P1,iP 2, "".,Pp and a real d > 0 such that

limn-.,oop• = pj, (113)

and
I p n - pa" I< d .- h m- P (114)

for all j = 1,2, ... , p. Finally, there exists a real co such that

p

I P, - (co + 0.5log(h) - E pi I< d -h'-P (115)
j=1

for all n > 2p.

Remark 4.2 Formulae (114), (115) indicate that for sufficiently large m, the convergence
o f n p , . .

,2 e, to P1,P2,...,Pp is virtually instantaneous, and that (115) is a nearly perfect
approximation to p". The numerical values of P1, P2, ..., p. can be found for various values of p
in Section 7.4. Also, note that co does not depend on p, and its numerical value (to 16 digits)
is - .9189385332046727.

The proof of the following theorem is similar to the proof of Theorem 4.6.

Theorem 4.13 Suppose that s(z) = IxIA, with A a real number such that 0 < IAI < 1, and
(110) has a solution pf = (p', p', p", ..., p•). Then for all n > 2p, the quadrature weights
pn, 0n, Pn, ... , pnare independent of n.

4.5 Corrected trapezoidal rules for other singularities

In the preceding sections quadrature formulae are provided for singular functions of the form

f(x) = W(x)s(W) + O(x), (116)

and

fAx) = O(x)s(z), (117)

where the singularity s(x) is of the form log(IxI), or xN (0 < JI1 < 1). Obviously the procedure
developed in the preceding sections can be applied to other singularities. As an example, we
construct a quadrature formula to approximate the definite integral,

:f~z~dz,(118)

where f is of the form (117),

s(z) ,(119)

with a > 0, and O(Z) E ck[-a - kh, a + kh] and even (i.e., 0(-x) = O(x)).
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Remark 4.3 The choice of the singularity (119) is dictated by the frequency with which it is
encountered in the numerical solution of partial differential equations, in signal processing, and
other areas. Otherwise, almost any integrable, monotone singularity could have been chosen.

We define the corrected trapezoidal rule Tv,`- by the formula

n-2 kT•n,,( f) = E_ f(.Tj) + h vin f?(yi), (120)

j=-(n-2)i=

where h = a/(n - 1), xj = jh, y, = a - hi for 1 < i < k/2, and yi = a + h(i - k/2) for
k/2 + 1 < i < k. We will use the expression Tnn with appropriately chosen t,` as quadrature
formulae for functions of the form (117), and the following construction provides a tool for
finding tn, so that the rule is of order 2k - 2, i.e., there exists a real c > 0 such that

T.7(f) f(x)dx I< c (121)fa n2k-2"

For an even integer k > 2, we will consider the following system of linear algebraic equations
with respect to the unknowns v,, with j = 1,2, ...,k:

l, _ (i a f a :2(i- 1) n ̀ - 2 2•(i- 1)

_; ]. -- - Z (21 ), (122)
j11-(n-2) I

withh=n-I, :3= jh, y- = a - hj for all 1 < j • k/2, and y - a + h(j - k/2) for all
k/2 + 1 < j <_ k. It is easy to see that the linear system (122) is independent of the length
of the interval a, and the unknowns v4', v', ..., vkn can be determined by solving the system of
equations k y2(i-1) n 2i-),-2 2(i-1)

y__ vin x d-Ti (x1_.l2)' (123)1 ='- 1=-(n`-2) -

with h = '-l, xj = jh, y =1 - hj for all 1 •_ j <_ k/2, and yj =1 + h(j - k/2) for all
k/2+15 i<_k.
The proof of the following theorem is quite similar to the proof of Theorem 4.1, and is omitted.

Theorem 4.14 Suppose that for some a > 0, f(x) - 0(-) with q5 E ck[-a - kh, a + kh].
V(a2...2)

Then there exists such c > 0 that

T.(f) - f(x)dx I< 2k=2 (124)

for all sufficiently large n.

The authors have been unable to construct a quadrature rule for singularities of the form
(119), which is independent of the number n of points used in the uncorrected trapezoidal rule.
However, this is a relatively minor deficiency since the weights in such cases can be precomputed
and stored.
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5 Numerical Results

Algorithms have been implemented for the construction of the quadratures T;,-, T.ýkfm, T'ý'h#I,
T m, and T'.
The correction coefficients flm are calculated using (25), and (52). In the tables in Section
7.1 the correction coefficients for orders of convergence upto 43 are tabulated. In Table 1,
convergence results are presented for some of the rules Tm. Column 1 of this table contains
the number of nodes discretizing the interval [0, 11 was discretized. In column 2 are the relative
errors of the standard 1-sided 4th order corrected trapezoidal rule, given here for comparison.
Columns 3-9 contain the relative errors for the rule T;.. for various orders of convergence m.
In all cases the integrand was of the form

f(x) = sin(200x) + cos(201x). (125)

The quadrature weights for the rules T"knk , T.P , Trn ., and T~n are all obtained as solutions
of linear systems, and it is easy to see that the linear systems used for determining these weights
(see, for example (70), (71)) are very ill-conditioned. In order to combat the high condition
number, all systems were solved using the mathematical package MAPLE using 200 significant
digits.
In order to evaluate the coefficients 7 for singularities of the form s(x) = jlxi or s(x) = log(jxI),
we start with the right-end corrected trapezoidal rule Tnm of order 40. Under these conditions,

I - < (126)

for all -k < i < k, Ic 0 (see Theorem 4.6) and for reasonable c, the convergence of 0? to
yi is almost instantaneous. The construction of the quadrature weights ;i is performed in a
similar manner. In Section 7.2 the cot.fficients 7i are listed for the singularities Iog(Izl), lzl&,
ixj-1, jxji, Iz*-1, xlx-l and for the same singularities, the quadrature weights ui are listed
in Section 7.3. In Table 2, convergence results are presented for some of the rules T.ko, for
various singularities. Column 1 of this table contains the number of nodes in the discretization
of the interval [0, 1]. In Table 3, convergence results are presented for some of quadrature rules
T'k,, for various singularities. Column 1 of this table contains the number of nodes in the
discretization of the interval [-1, 1]. In all cases the integrand was of the form

f(x) = (sin(20x) + cos(21z)) + (sin(23x) + cos(22x))s(z), (127)

and the order of convergence used was 10.
Finally, algorithms have been implemented for evaluating quadratures Tph, to integrate func-
tions of the form

f(z) = O(X)log(0X1) (128)

The quadrature weights are obtained by solving the linear system (110). Note that the quadra-
ture weights are independent of the discretization h, except for the first weight pO which is
calculated using the formula (115). Presented in Table 4 are convergence results for integrating
functions of the form (128) where,

O(z) = sin(200z) + cos(201x). (129)
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Column 1 shows the number of nodes in the discretization of the interval [-1, 1]. Columns 3-6
show the relative errors for the various orders of convergence m as shown.
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Table 1: Convergence of quadrature rules T;, for non-singular functions
N k=4 m=3 m=9 m=15 m=21 m=27 m=33 m=39
20 .230E-01 .112F-01 .131E-01 .136E-01 .138F-01 .138E-01 .138E-01 .138F-01
40 .1?2E-01 .120E-01 .122F-01 .122E-01 .122E-01 .122E-01 .122E-01 .122E-01
80 .457E-02 .108&-02 .654E-03 .430E-03 .292E-03 .202E-03 .142E-03 .100E-03
160 .216E-03 .804E-04 .223E-05 .743E-07 .264E-08 .972E-10 .365E-11 .139F-,12
320 .310E-05 .522E-05 .292E-08 .199F-11 .116E-14 .304E-15 .306E-15 .306E-15
640 .191E-06 .328E-06 .304E-11 .105E-15 .703&-16 .703E-16 .703E-16 .703E-16
1280 .239E-07 .205F-07 .266E-14 .345E-15 .346E-15 .346E-15 .346E-15 .346E-15

Table 2: Convergence of quadrature rules Tn for singular functions (10th order)

N log(0Xj) IzIv 1Iz Iz0 1Iz'
40 0.29128E-03 0.25056E-04 0.11650E-02 0.42510E-04 0.53715E-03
80 0.72599E-07 0.30493E-07 0.98819E-06 0.53217F-07 0.52449E-06
160 0.56928E-10 0.17499E-10 0.10903E-08 0.32715E-10 0.49582E-09
320 0.65586E-13 0.59119E-14 0.76827E-12 0.12962E-13 0.31491E-12
640 0.18596E-14 0.16376E-14 0.66613E-15 0.17208E-14 0.13878&-14

Table 3: Convergence of quadrature rules Tn for singular functions (10th order)

N log0tz0 IxIi 1IVI 10I 1IzI'
40 0.57489E-03 0.49592E-04 0.23137E-02 0.84150E-04 0.10655E-02
80 0.14438E-06 0.60500E-07 0.19680E-05 0.10563E-06 0.10436E-05
160 0.11348E-09 0.34867E-10 0.21762E-08 0.65197E-10 0.98921E-09
320 0.13357E-12 0.13614E-13 0.15360F-11 0.28103E-13 0.62927E-12
640 0.61062E-15 0.16237E-14 0.42188E-14 0.16237E-14 0.50515E-14

Table 4: Convergence of the quadrature rule T ,for functions f(x) = 4(x)log(ix)

N m=3 m=9 m=15 m=21 m=27 m=33 m=39
40 .546&-01 .536E-01 .536E-01 .536E-01 .536E-01 .536&-01 .536E-01
80 .291E-03 .764E-03 .265E-03 .129E-03 .640E-04 .300E-04 .107E-04
160 .282E-03 .241E-04 .209E-05 .255E-08 .482E-09 .125E-11 .143E-13
320 .437E-04 .190E-04 .912E-06 .392E-09 .162E-09 .294E-12 .147E-14
640 .573&-05 .315E-05 .468E-06 .166E-07 .108E-09 .583E-13 .119E-14
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6 Generalizations and Conclusions

A group of algorithms has been presented for the construction of high-order corrected trape-
zoidal rules for functions with various types of singularities, both end-point and in the middle of
the interval of integration. In many cases, the corrected rule can have effectively an arbitrarily
high order, without the attendent growths of correction weights. The drawback of the approach
is the need for the integrand to be available in a small area outside the interval of integration,
whenever the singularity being corrected is on one of the ends of that interval.
The algorithm of the present paper admits several straightforward generalizations.

1. There are classes of singularities not covered by this paper for which some versions of
Theorem 4.1 can be fairly easily proven.
2. The quadratures can be easily modified to handle functions of the form

m
f(x) = O(x) + O qi(x) • si(x), (130)

where ax, 4 z ,',...,'m are smooth functions, and si, s2, ... , sm are several different singularities.
3. Quadrature rules developed of this paper have fairly obvious analogues in two and three
dimensions. However, the proofs of the multidimensional versions of the theorems in this paper
are somewhat more involved than those of their one dimesional counterparts. These results will
be reported at a later date.
4. High-order corrected trapezoidal rules can be used to approximate integrals

J cos(a cos O)dO (131)

by rewriting the integral as
Scoa(x)d 12f.7aý _d (132)

and using the quadrature rule T,- defined in (120). This rule proves to be of fundamental
importance in the development of the Fast Bessel Transform (see, for example 110)).
5. Integral equations of the form

fLJ a(w)log(Iz - wl)ds, = C (133)

are encountered in the study of partial differential equations (see, for example [111). In order to
apply the Nystrom algorithm to the integral equation (133), the left-hand side is decomposed
into a sum

0L ca(w)Iog(jz - wl)ds,,, = 1(z) + J(z), (134)

where the integral operators I and J are defined by the formulae

foL z - w

(z= o()og( _( ()
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0L
J(z) = j a(w)Io9(I 7-y(z) - y-1 (w) I)ds.. (136)

Now, the integral operator I can be discretized by the uncorrected trapezoidal rule and the
operator J can be discretized by the corrected trapezoidal rule T,,h defined in (109) to a rapidly
convergent finite-dimesional approximation to (133).
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7 Correction weights for Non-singular and Singular functions

7.1 Quadrature Weights Pk for Non-singular Functions

f f(x)dz T;-(f)

I-
T.(f) + h (fb+ kh) - f(b - kh) - f(a + kh) + f(a - kh))I3'.

k. 1

m=3 m= 5 m= 7
0.4166666666666667D-01 0.5694444444444444D-01 0.6483961640211640D-01

-0.7638888888888889D-02 -0.1395502645502646D-0l
0.1579034391534392D-02

m= 9 m= m = 13
0.6965636022927690D-01 0.7289995064734647D-01 0.7523240913673701D-01

-0.1877177028218695D-01 -0.2247873075998076D-01 -0.2539430387171893D-01
0.3643353174603175D-02 0.5728518443362193D-02 0.7672233851187638D-02

-0.3440531305114638D-03 -0.9618798768104324D-03 -0.1739366039940610D-02
0.7722834328737106D-04 0.2539297439987751D-03

-0.1767014007114040D-04

m=15 m=17 m=19
0.7699017460749256D-01 0.7836226334784643D-01 0.7946301859082432D-01

-0.2773799116605967D-01 -0.2965891540255508D-01 -0.3126001393779562D-01
0.9429999321943197D-02 0.1100166460634853D-01 0.1240262582468400D-01

-0.2591615965155427D-02 -0.3464763345380610D-02 -0.4326893325894750D-02
0.5202578456284055D-03 0.8560837610996297D-03 0.1240963216686299D-02

-0.6683840498737985D-04 -0.1531936403942661D-03 -0.2763550661820004D-03
0.4097355409686621 D-05 0.1753039202853559D-04 0.4447195391960246D-04

-0.9595026156320693D-06 -0.4581897491741901D-05
_ _0.2263996797568645D-06

m= 21 m= 23 m= 25
0.8036566134581083D-01 0.8111924751518991D-01 0.8175787507251367D-01

-0.3261397807027540D-01 -0.3377334140778168D-01 -0.3477689899786187D-01
0.1365243887004996D-01 0.1477039637407387D-01 0.1577395396415406D-01

-0.5160102022805384D-02 -0.5955094025666833D-02 -0.6707762218226974D-02
0. 1657567565141616D-02 0.2092328816706471 D-02 0.2535074812330083D-02

-0.4325816968527443D-03 -0.6167158739860944D-03 -0.8233306719437802D-03
0.8735769567235570D-04 0.1470308086322377D-03 0.2231520499850693D-03

-0. 1275061020655204D-04 -0.2710805091870410D-04 -0.4885697701951313D-04
0.1 193747238089644D-05 0.3616565358265304D-05 0.8277049522724384D-05

-0.5374153101848776D-07 -0.3101244008783459D-06 -0.1016258365190328D-05
0.1281914349299291D-07 0.8036239225326941D-07

-0.3070147670921659D-08
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m=27 m= 29 m=31
0.8230598039728972D-01 0.8278153337505391D-01 0.8319804338077547D-01

-0.3565386751750355D-01 -0.3642664110637037D-01 -0.3711265758638233D-01
0.1667832775003454D-01 0.1749655860883470D-01 0.1823974312884766D-01

-0.7417074991466566D-02 -0.8083781617155592D-02 -0.8709621212955971D-02
0.2978395295604828D-02 0.3417018075663398D-02 0.3847282797776159D-02

-0.1047324179282599D-02 -0. 1284180480514226D-02 -0. 1530046036007233D-02
0.3146160654817536D-03 0.4198855326958103D-03 0.5372304569083815D-03

-0.7872277799802227D-04 -0.1 170025842576793D-03 -0.1636490137583287D-03
0.1591319181836592D-04 0.2714748278587396D-04 0.4245334246577455D-04

-0.2491841417488210D-05 -0.5092371734040995D- 05 -0.9173934315347822D-05
0.2832550619442283D-06 0.7409483976575184D-06 0.1604355866780116D-05

-0.2077714429849625D-07 -0.7838889284981948D-07 -0.2179294939201383D-06
0.5360956533353892D-08 0.2155763344330162D-07

-0.1778140387386520D-09 -0. 1380750254862090D-08
0.4296200771869423D-10

m= 33 m= 35 m= 37
"0.8356586223906441D-01 0.8389305571446765D-01 0.8418600148964681D-01

-0.3772568901686392D-01 -0.3827675171227989D-01 -0.3877475953008444D-01
0.1891730418359046D-01 0.1953724971593344D-01 0.2010640150771007D-01

-0.9296840793733073D-02 -0.9847903489149048D-02 -0.1036531420894598D-01
0.4266725355474089D-02 0.4673760300951798D-02 0.5067442370362510D-02

-0.1781711570625991D-02 -0.2036550840838121D-02 -0.2292444185955085D-02
0.6648868875120992D-03 0.8011551083894191D-03 0.9444553816549185D-03

-0.2183589125884934D-03 -0.2806529564181254D-03 -0.3499410006344108D-03
0.6214890604463385D-04 0.8640764426675015D-04 0.1152776626902024D-03

-0.1506576957398094D-04 -0.2305218544957479D-04 -0.3336290631509345D-04
0.3044582263334879D-05 0.5240846629123186D-05 0.8369617098659884D-05

-0.4984930776645727D-06 -0.9942016492531560D-06 -0.1 790615950589770D-05
0.6348092756603319D-07 0.1529838641028607D-06 0.3199739595444088D-06

-0.5895566545002414D-08 -0.1833269916550451 D-07 -0.4643199407153423D-07
0.3550460830740161D-09 O.1604311636472664D-08 0.5253570715177823D-08

-0.1040280251184406D-10 -0.9116340394367584D- 10 -0.4346230819394555D-09
0.2523768794744743D-1 1 0.2337667781591708D-10

* -0.6133208535638922D-12
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m =39 m =41 m =43
0.8444980879146044D-01 0.8468861878191560D-01 0.8490582345073519D-01

-0.3922700061890783D-01 -0.3963949060242128D-01 -0.4001 723785254232D-01
0.2063059004248263D-01 0.211U481741443320D-O1 0.2156339227395194D-01

-0. 1085151806728575D-01 -0. 1130884391857241D-01 -0.1 173947578371039D-01
0.5447289134690455D-02 0.5813149815719777D-02 0.6165108551649863D-02

-0.254770121 1583463D-02 -0.2800989375372994D-02 -0.3051271 143145499D-02
0.1093355313271473D-02 o.1246579017292300D-02 0.14030051221501 16D-02

-0.425572711931 7083D-03 -0.5068750854937796D-03 -0.5931791433463679D-03
0.1487041779510615D-03 0.1865518346092672D-03 0.2286250628124040D-03

-0.4617000028477128D-04 -0.6158941 596033656D-04 -0.7968542809071795D-04
0.]125959581 0865357D-04 0.1806736367095093D-04 0.2490991825775139D-04

-0.2980436293579194D-05 -0.4659163000193157D-05 -0.6921 164516490830D-05
0.6019365929090900D-06 0.1042814313838009D-05 0.169147651 3364548D-05

-0.1016414607443390D-06 -0.1 993926296380813D-06 -0.3590633249061523D-06
0.1395254130438025D-07 0.3190683763180230D-07 0.6517156581265044D-07

-0.1495069020432704D-08 -0.41 54964772643378D-08 -0.9908863701222516D-08
0.11 72703286200068D-09 0.4227988947523140D-09 0. 1227209106806963D-08

-0.5987202298631028D-1 1 -0.3152674188244618D- 10 -0.1 188835069924533D-09
0.1492744845851982D-12 0.1531756684278896D-11 0.8447500588821128D-11

-0.3638111051825521D-13 -0.3914899117784468D-12
_________________ ______________ 0.8877720031 504791D-14

7.2 Quadrature Weights -y for Singular Functions

jb

= TR...(f)+h EZ 1 yf (X,)

s 1z= 0o(z) a X ,= ~
_________________k= 2_________

-1 J~0.7518812338640025D+00 110.4911 169802967502D)+00 jf0. 1635135941723353D+01
-2 -0.60321096644937441D+00 -0.31 76980828356269D:+00 f -0.1533115151360971 D+01 I

I fl0.1073866830872157D+01 fl0.71410805711892341D+00 fl0.2143719446940490D+01
2 -0.7225370982867850D+00 JJ-0.3875269545800468D+00 I -0.1745740237302873D+01

_________________k= 4_________

-1 0.14201 13571035790D+01 0.8951854542876017D+00 0.3192416400365587D+01
-2 -0.3125287797178819D+01 -0.1631355661694529D+01 -O.8349519005997507D+01
-3 0.2592853861401367D+01 0.121652802289911 5D+01 0.76531 18908743808D+01
-4 -0.764869878958431 4D+00 -0,33189682911 68987D+00 -0.241572142601 3858D+01
1 0.2027726083620572D+01 0. 1323278097869649D+01 0.4127731944814846D+0

2 0.373238148796624D+01 -0.199 997843341944D-I-0 -0. 431538570036398D+01
3 0.2914105643150046D+01 0.1392513231112159D+01 0.8285519053356245D+01
4 1 -0.8344033342739005D+00 -0.3672544720151524D+00 -0.2562007305232722D+01
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______________k= 6

a-1 0.2051970990601252D+01 0.1265469280121926D+01 0.4710262208645700D+01
-2 -0.7407035584542865D+01 -0.3802563634358600D+01 -0.2025763995934342D+02
-3 0.1219590847580216D+02 0.5639024206133662D+01 0.3690977699143199D+02
-4 -0.1064623987147282D+02 -0.4569107975444730D+01 -0.3458675005305701D+02

*-5 0.4799117710681772D+01 0.1943368974038607D+01 0.1646218520818186D+02
-6 -0.8837770983721025D+00 -0.34111379813421 10D+00 -0.3167334195084358D+01
1 0.2915391987686506D+01 0. 1878261417316043D+01 0.6026290938505443D+01
2 -0.8797979464048396D+01 -0.4649333971499730D+01 -0.2274216675280301D+02
3 0.1365562914252423D+02 0.6444550155059975D+01 0.3978973181300623D+02
4 -0.1 157975479644601D+02 -0.5048462684259424D+01 -0.3656337403895339D+02
5 0.5130987287355766D+01 0.2104363245869803D+01 0.1 720419649716102D+02
6 -0.934218779769491 6D+00 -0.364455214843321 4D+00 -0.32851 78657691059D+01

________________ k=_8 ________

-1 0.266182900 1135098D+01 0.1616169645940613D+01 0.6202998068889192D+01
-2 -0.1336900704886964D+02 -0.6771767050468779D+01 -0.3714709770899691D+02
-3 0.3292331764210170D+02 0.1503196947284841D+02 0.1012860584122768D+03
-4 -0.4773939140223472D+02 -0.2024989176835058D+02 -0.1577736812789053D+03
-5 0.428858061 5706955D+02 0.17179959951 10646D+02 0. 1497778690096803D+03
-6 -0.2359187584186291D+02 -0.9018058251 167396D+01 -0.861721 1496827355D+02
-7 0.7312948709041004D+01 0.2686335493243228D+01 0.2773685303768452D+02
-8 -0.9817367313018633D+00 -0.34835001 16200692D+00 -0.3846246456428401D+01

I 0.3760781014023317D+01 0.2398992474897278D+01 0.7870429343373961 D+01
2 -0.1580903864167977D+02 -0.8260181779465771D+01 -0.4150717430533848D+02
3 0.3674321491528176D+02 0. 1714292235263991D+02 0. 1088399244984859D+03
4 -0.5179306469244793D+02 -0.22334761 05127601D+02 -0.1663887812447046D+03
5 0.4575621781632506D+02 0.1857536706216344D+02 G. 1562272759566466D+03
6 -0.2489478606121209D+02 -0.9622728690582360D+01 -0.8923488368760573D+02
7 0.7656685336983747D+01 0.2839683305088209D+01 0.2857613653609836D+02
8 -0.1021900172352320D+01 -0.365661 1549965858D+00 -0.3947565212882627D+01

____________________k=_10 ____________

I1 0.3256353919777872D+01 0.1953545360705999D+I01 0.7677722423353747D+01
-2 -0.20961 16396850468D+02 -0.105031 1310076629D+02 -0.5894517227637276D3+02
-3 0.6872858265408605D+02 0.310551 6048922884D+02 0.214039860511441 8D+03
-4 -0.1393153744796911 D+03 -0.5850644296241638D+02 -0.4662332548976578D+03
-5 0. 1874446431742073D+03 0.7437254291687940D+02 0.6631353162140867D+03
-6 -0. 1715855846429547D+03 -0.6498918498319249D+02 -0.6351002576675097D3+03
-7 0. 1061953812152787D+03 0.3866979933460322D3+02 0.4083227672169233D+03
-8 -0.4269031893958787D+02 -0. 1502289586232686D+02 -0. 1696285390723725D3+03
-9 0. 1 009036069527147D+02 0.34451 19980743215D+01 0.4126838241810020D+02

-10 -0. 1066655310499552D3+01 -0.3544413204640886D3+00 -0.4476202232026015D3+01
I 0.4576078100790908D+01 0.289545160891 1961D+01 0.9675787330957780D3+01
2 -0.246904527352428113+02 -0.127782018894320813+02 -0.6561769910673283D+02
3 0.7648830198138171D+02 0.3534092272477722D+02 0.229424227436202413+03
4 -0.1508194558089468D+03 -0.644190840342706013+02 -0.490764391897435613+03
5 0.1996415730837827D3+03 0.8029833065236247D3+02 0.6906485447124722D3+03
6 -0. 1807965537141 134D+03 -0.6926226351772149D3+02 -0.6568499770824342D3+03
7 0. 1 110467735366555D+03 0.4083390088012690D3+02 0.420227581579393713+03
8 -0.4438764193424203D3+02 -0. 157546718937315213+02 -0.173934065125804513+03
9 0. 1044548196545488D3+02 0.3593677332216888D+01 0.4219582451243715D+02

10 -0. 110032879290427113+01 -0.3681517162342983D+00 -0.456645499702311613+01
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Sk= 2 - - -I'
-1 0.553409.1 724301567D+00 0.1181425202719417D+01 0.9469239981678674D+01
-2 -0.3866961728429464D+00 -0. 1060178333186577D+01 jj-0.9440762908621 185D+01
I 0.8032238407479816D+00 0.1613104391 254726D+01 JJ0.102719983561 1538D+02
2 -0.4699368403351921D+00 -0. 1234351260787565D+01 -0.9800475429172870D+01

_________________k=_4_________

-1 0.1020832071388625D+01 0.2282486199885223D+01 0. 1887299140127902D+02
-2 -0. 1983186102544885D+01 -0.5650813876770368D+01 -0.5533585657332243D+02
-3 0.1533381243224831 D+01 0.5015176492677874D+01 0.54466695681 13802D+02
-4 -0.4298392181270347D+00 -0.1549698701260824D+01 -0.1 798256931439028D+02

I 0.1498331817034082D+01 0.3083643341213459D+01 0.2031702799746152D+02
2 -0.2412699293646369D+01 -0.6532393248536034D+I0 -0.5722348457297536D+ 2
3 0.1747071 103625803D+01 0.5514329562635926D+01 0.5565641900092846D+02
4 U-0.4738916209550530D+00 -0. 1662729769845256D+01 -0.18271223620011895D+02

________________ k=_6 ________

-1 0. 1453673785846622D+01 0.3345150279872830D+01 0.2823540877500425D+02
-2 -0.4645097217879781D+01 -0.1359274618599862D+02 -0.1374572775395727D+03
-3 0.7134681085431341 D+01 0.2395745376553084D+02 0.2701409207262959D+03
-4 -0.5928340311 544518D+01 -0.2193610831631847D+02 -0.2668390934875709D+03
-5 0.2571788299099303D+01 0.1025817941642386D+02 0.1321842198719930D+03
-6 -0.4588965281604129D+00 -0.1946039989983884D+01 -0.2624585302793210D+02

I 0.2135823382632839D+01 0.4476264293482232D+0-1 0.3025125337714398D+02
2 -0.5636852769577275D+01 -0.1561643865091390D+02 -0.1418090842954654D+03
3 0.81094431 12743051D+01 0.2622632514046215D+02 0.2756109143783281 D+03
4 -0.6522597930471 829D+01 -0.2345727234258157D+02 -0.2708086499560764D+03

5 .2775248991033700D+01 0. 108190921681 1830D+02 0.1337381 187138368D+03
6 -0.4888738991530396D+00 -0.2033859578093758D+01 -0.26500877,53598454D+02

SWz = X, sixa~) = Xzi s(x) =X-
______________k= 8

-1 0. 1866196808675184D+01 0.4383819645513359D+01 0.375699122593181 3D+02
-2 -0.8307135206229368D+01 -0.24787539511 12947D+02 -0.2556568200490798D+03
-3 0.1909144688191794D+02 0.6535630997043997D+02 0.7531560640068682D+03
-4 -0.2636153756127239D+02 -0.9943323854718145D+02 -0. 1239060653686887D+04
-5 0.2279974850816623D+02 0.9269762740745608D+02 0. 1226707735965091 D+04
-6 -0.1215894117169713D+02 -0.5255448820422732D+02 -0.7300983324043684D+03
-7 0.3671126621978929D+01 0.1670932578919686D+02 0.2417364444480294D+03
-8 -0.4816958588438264D+00 -0.2292774564229746D+01 -0.3433771074231 191D+02
I 0.2736714477854559D+01 0.58191435971 64960D+01 0.401 1575033483495D+02
2 -0. 1004886340865174D+02 -0.2833732911493431 D+02 -0.2633133438634569D+03
3 0.2164374286136325D+02 0.7130006863921 132D+02 0.7675751360752552D+03
4 -0.2894336017656429D+02 -0. 1060508801269256D+03 -0. 1256487025699375D+04
5 0.2456068654847544D+02 0.9756101768474124D+02 0. 1240341295810031 D+04
6 -0. 1293400965739323D+02 -0.5482984235409941 D+02 -0.7368055436813910D+03
7 0.3870327870200545D+01 0.1732510108672746D+02 0.2436290214530279D+03
8 ,-0.5044475379801205D+00 -0.2366321397723911 D+01 -0.34571 93022558553D+02
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k= 10

-1 0.2264788460960479D+01 0.5405454633516052D+01 0.4688376828974556D+02
-2 -0. 1292939169279749D+02 -0.3917131575943378D+02 -0.4098330186123370D+03
-3 0.3957101757244672D+02 0.1375220761115852D+03 0.1609252630383255D+04
-4 -0. 7639785056816069D+02 -0.2925218664728695D+03 -0.3705300977598581 D+04
-5 0.9898237584503627D+02 0.4085024389395215D+03 0.5500852053333245D+04
-6 -0.8785457780822613D+02 -0.3854463863750540D+03 -0.5454835999290140D+04
-7 0.529722820202021 1D+02 0.2447281804852179D+03 0.3611006247703252D+04
-8 -0.2081786990425939D+02 -0. 1005754937354166D+03 -0. 1538237727142339D+04
-9 0.4823072180507942D+01 0.2423820803863685D+02 0.3825346496620566D+03

-10 -0.5007874588446741D+00 -0.2606987282704575D+01 -0.4230611481851793D+02
1 0.3311620888787288D+01 0.7126578020279918D+01 0.4993063308066224D+02
2 -0. 1559126529305869D+02 -0.446004191551553 ID+02 -0.4215785445878369D+03
3 0.4475277794263923D+02 0. 1496138805763186D+03 0.1638730173971623D+04
4 -0.8371954827689160D+02 -0.3113382992063869D+03 -0.3755162938068600D+04
5 0.1064593309138400D+03 0.4292142311074982D+03 0.5559352058138100D+04
6 -0.9333016061951656D+02 -0.4015725721227424D+03 -0.5502789929350287D+04
7 0.5578209928784346D+02 0.2534431424358416D+03 0.3638060903851112D+04
8 -0.2177894078450347D+02 -0. 1036930201058000D+03 -0.1 548279140995316D+04
9 0.5020172381264958D+01 0.2490333391795860D+02 0.3847470160018897D+03

"10 -0.5191450872697767D+00 -0.2671164050811178D+01 -0.4252574395098780D+02

7.3 Quadrature Weights p• for Singular Functions

T= nR,.(f)+TZO_(f)+ Ai (f(xi)+f(z -)

S(Z) loo~) -I

k= 1
I 0.1825748064736159D+01 0.1205225037415674D+01 0.3778855388663843D+01
2 -0. 1325748064736159D+01 -0.7052250374156737D+00 -0.3278855388663843D+01

k= 2

1 0.3447839654656362D+01 H0.2218463552157251D+01 0.7320148345180434D+01
2 -0.6855525945975443D÷01 -0.3628353505036473D-i01 -0. 1778105757603391 D+02

3 0.5506959504551413D+0i 0.2609041254011273D+o0 0.1593863796210005D+024 0. 159927313223D -0.6991513011320512D+00 -0.4977728731246580D+01
0. 159723332+ I

__k= 31 0.4967362978287758D+01 0.3143730697437969D+01 0.1073655314715114D+02

2 -0.1620501504859126D+02 -0.8451897605858329D+01l -0.4299980671214643D+02
* 3 0.2585153761832639D+02 0.1208357436119364D+02 0.7669950880443822D+02

4 -0.2222599466791883D+02 -0.9617570659704153D+01 -0.7115012409201039D+02
5 0.9930104998037539D+01 0.4047732219908410D+01l 0.3366638170534288D+02
6 -0.1817995878141594D+01 -0.7055690129775324D+00 -0.6452512852775417D+0!
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k= 4
1 0.6422610015158415D+01 0.4015162120837891D+01 0.1407342741226315D+02
2 -0.2917804569054941iD+02 -0.1503194882993455D+02 -0.7865427201433540D+02
3 0.6966653255738346D+02 0.3217489182548832D+02 0.2101259829107628D+03
4 -0.9953245609468264D+02 -0.4258465281962659D+02 -0.3241624625236100D+03
5 0.8864202397339461-D+02 0.3575532701326990D+02 0.3060051449663269D+03
6 -0.4848666190307500D+02 -O.1864078694174975D+02 -O.1754069986558793D+03
7 0.1496963404602475D+02 0.5526018798331437D+01 0.5631298957378288D+02
8 -0.2003636903654183D+01 -0.7140111666166550D+00 -0.7793811669311027D+01

k= 5
1 0.7832432020568779D+01 0.4848996969617959D+01 0.1735350975431153D+02
2 -0.4565161670374749D+02 -0.2328131499019837D+02 -0.1245628713831056D+03
3 0.1452168846354678D+03 0.6639608321400605D+02 .0.4434640879476441D+03
4 -0.2901348302886379D+03 -0.1229255269966870D+03 -0.9569976467950934D-+03
5 0.3870862162579900D+03 0.1546708735692419D+03 0.1353783860926559D+04
6 -0.3523821383570680D+03 -0. 1342514485009140D+03 -0.1291950234749944D-+04
7 0.2172421547519342D-+03 0.7950370021473013D+02 0.8285503487963169D+03
8 -0.8707796087382989D+02 -0.3077756775605837D+02 -0.3435626041981771D+03
9 0.2053584266072635D+02 0.7038797312960103D+01 0.8346420693053734D+02

10 -0.2166984103403823D+01 -0.7225930366983869D+00 -0.9042657229049132D+01

[ k= 1I
1 0.1356633013178138D+01 0.2794529593974142D+01
2 -0.8566330131781384D+00 -0.2294529593974142D+01

k= 2
1 0.2519163888422707D+01 0.5366129541098682D+01
2 -0.4395885396191253D+01 -0.1218320712530640D+02
3 0.3280452346850634D+01 0.1052950605531380D-+02
4 -0.9037308390820877D+00 -0.3212428471106080D+01

k= 3
1 0.3589497168479460D-+01 0.7821414573355062D+01
2 -0.1028194998745706D+02 -0.2920918483691252D-+02
3 0.1524412419817439D+02 0.5018377890599299D+02
4 -0.1245093824201635D+02 -0.4539338065890004D+02
5 0.5347037290133003D+01 0.2107727158454216D+02
6 -0.9477704273134525D+00 -0.3979899568077642D+01

k= 4
"1 0.4602911286529744D+01 0.1020296324267832D+02
2 -0.1835599861488110D+02 -0.5312486862606378D+02
3 0.4073518974328119D+02 0.1366563786096513D+03
4 -0.5530489773783668D+02 -0.2054841186741071D+03
5 0.4736043505664168D+02 0.1902586450921973D+03
6 -0.2509295082909035D+02 -0.1073843305583267D+03
7 0.7541454492179474D+01 0.3403442687592432D+02
8 -0.9861433968239469D+00 -0.4659095961953657D-+01
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k= 5________ _

1 0.5576409349747767D+01 0.1253203265379597D+02
2 -0.2852065698585619D+02 -0.8377173491458909D+02
3 0.8432379551508595D+02 0.2871359566879038D+03

*4 -0.1601 173988450523D+03 -0.6038601656792564D+03
5 0.2054417067588763D+03 0.8377166700470196D+03
6 -0. 181 1847384277427D+03 -0.7870189584977965D+03
7 0. 108754381 3080456D+03 0.498171 3229210595D+03
8 -0.4259681068876286D+02 -0.2042685138412166D+03
9 0.9843244561772901 D+01 0.4914154195659545D+02

110 -0. 101 9932546114451D+01 -0.5278151333515754D+01

7.4 Quadrature Weights pý for Singular Functions

f bf(z)dx z T~p",(f)

= Tb...(f) + T~n(f) +h ~pAj(z.,) + (x--,))
J=0

Note: pg is given for h = 0.01, For any other h, the following formula is used to calculate pg.

p

po = (-.9189385332046727417803 + 0.5log(h)) - E P., (137)

-0.3221523626198730D+01 -0.3191075169140337D+01 if-0.3181467102013171D+01GII-0.3044845705839327D-01 -0.4325921322794724D-01 j
jj ___________________ I -0.3202689042388491 D-02

M =m9] m =l 110 m= 13f
-0.3176811195217937D+01 -0.3174071153542312D+01 -0.3172268092036274D+01

-0.5024307342079858D-01 -0.54627140101 79898D-01 -0.57632242611861 58D-01
0.599623311 9S29027D-02 0.81 88266460029230D-02 0.9905467894350710-02

-0.455967923426D03 0.71982859051966638D-02 -0.21735836457536894D-02
-0.455967923426D03 0.79828695017864638D-04 -0.221358702454453 4$D-03

Ii __________________ -0. 1431001 195267904D-04

m m= 15] m =171 m =19~
-0.3170992165916170D+01 -0.3170041916020681D+01 -0.3169306861514305D+01
-0.5981954453204053D-01 -0.6148248184914681 D-01 -0.6278924541603596D-01
0.1127253159446256D-01 0.1238115647253341D-01 0.1329589096935583D-01
-0.2343420324253269D-02 -0.2897732763288696D-02 -0.3396678852464559D-02
0.4036621845595672D-03 0.6052303442088134D-03 0.8131245480320894D-03

-0.4745095013720858D-0 -0.9784299004952013D-04 -0. 1619104373797589D-03
0.2761744848710794D-05 0. 1051436637368180D-04 0.2422167651 587582D-04

-0.5537586803550720D-06 -0.2381400032647607D-05
___________________ ___________________ 0. 1 142275845182835D-06_
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m=21[ m=23 m=251
-0.3168721384920306D+01 -0.3168244070581230D+01 -0.3167847493678468D+01
-0.6384310328523506D-01 -0.6471094753809971D-01 -0.6543800519316396D-01
0. 1406233305604607D-01 0.1471321624569456D-01 0. 1527249136497475D-01

-0.3843770069700536D-02 -0.4244313571022683D-02 -0.4603847576274231 D-02
0.1019474340602541D-02 0.1219746091263614D-02 0.1411497560731106D-02

-0.2355067918692057D-03 -0.3156154921336350D-03 -0.3995067600256630D-03
0.4387403771306165D-04 0.6890800654569580D-04 0.9851668933111745D-04

-0.6066217757119951D-05 -0.1195656336479857D-04 -0.2018119747186014D-04
0.5477355521032650D-06 0.1529459820049702D-05 0.3260961737325821D-05

-0.2408377597694342D-07 -0.1274231726028842D-06 -0.3871484601943021D-06
0.5166969831297037D-08 0.2990271150667017D-07

-0.1 124351894335142D-08

m=27 m=29 m=31I
-0.3167512774719844D+01 -0.3167226492889164D+01 -0.3166978846772530D+01
-0.6605594788600917D-01 -0.6658761414298577D-01 -0.6704988689403577D-01
0.1575801776649599D-01 0.1618335077207727D-01 0.1655894738230538D-01

-0.4927531843955059D-02 -0.5219948285292188D-02 -0.5485075304276741D-02
0.1593569961301572D-02 0.1765579632676354D-02 0.1927601699833581D-02

-0.4851878897058822D-03 -0.5711927253932730D-03 -0.6564674975812873D-03
0.1318371286512027D-03 0. 1680496910458935D-03 0.2064233385304999D-03

-0.3070344146767653D-04 -0.4337783830581833D-04 -0.5799637068090648D-04
0.5891522736279919D-05 0.9512778975749005D-05 0.1416413018600433D-04

-0.8882076980903206D-06 -0.1711220479787840D-05 -0.2924616447680532D-05
0.9822897121976360D-07 0.2413616289062888D-06 0.4941524555505996D-06

-0.7065765782430224D-08 -0.2495734799324587D-07 -0.6540388025633560D-07
0.2475589120039617D-09 0.1 678885488869214D-08 0.6345793057687260D-08

-0.5505102218712507D-10 -0.4007478791366100D-09
0.1234631631962446D-10

i=33 m= 35 m=37 G
-0.3166762511619708D+01 -0.3166571903740287D+01 -0.3166402692325675D+01

-0.6745551530557688D-01 -0.6781430660801560D-01 -0.6813392816895060D-01
0.1689299430945688D-01 0.1719198706148916D-01 0.1746114206017127D-01

-0.5726331418330602D-02 -0.5946641867196491D-02 -0.6148508116208072D-02
0.2079973982393914D-02 0.2223175774156742D-02 0.2357753273497796D-02

-0.7402722529894703D-03 -0.8221018482825148D-03 -0.9016249160749561D-03
0.2463303649153491D-03 0.2872451625618713D-03 0.3287354588014059D-03

-0.7432197238379932D-04 -0.9211101483880897D-04 -0.1111274006152623D-03
0. 1984260034353227D-04 0.2651349126416089D-04 0.3412004557474223D-04

-0.4580836910292848D-05 -0.6715522004894009D-05 -0.9348560035479858D-05
0.89'16453665775555D-06 0.1466368276662483D-05 0.2246527693132364D-05

-0.1418448246845963D-06 -0.2695610269256914D-06 -0.4646008810431617D-06
0.1767037741742959D-07 0.4047684210333943D-07 0.8082991536902293D-07

-0.1614096203394717D-08 -0.4759815470416764D-08 -0.1148532768136401D-07
0.9602551109604562D-10 0.4105974377982503D-09 0.1278405465017250D-08

-0.2789306492547372D-1 I -0.2308426950559283D-10 -0.1044412720573741D-09
0.6342175941576707D-12 0.5564945021538352D-11

____-0.1450213949229612D-12
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-m =39[ m =41] m=3]
E-0.3166251466775081 D+01 -0.31661 15504658825D+01 -0.31661 15504658825D+01

-0.68420460791 12800D-01 -0.686787888120 1404D-01 -0.6867878881201404D-01
0.1770469478902206D-01 0.1792611880692437D-01 0.1792611880692437D-01

-0.6334072100094389D-02 -0.65051 72477564357D-02 -0.65051 72477564357D-02
0.2484274171602103D-02 0.2603300521146428D-02 0.2603300521146428D-02

-0.9786376366601 862D-03 -0.1053029105125390D-02 -0.1053029105125390D-02
0.3704506824517389D-03 0.4121099047922528D-03 0.4121099047922528D-03

-0. 1311507079674222D-03 -0.21519803191376791D-03 -0. 1519803191376791 D-03
0.425914448391 1754D-04 0.5184904980367620D-04 0.5184904980367620D-04

-0.124861 1531858182D-04 -0.1612303155465844D-04 -0. 1612303155465844D-04
0.3255027605557997D-05 0.4509136652480968D-05 0.4509136652480968D-05

-0.7428077534364396D-06 -0. 1119040467513331 D-05 -0. 1119040467513331 D-05
0. 1457448522607878D-06 0.2428371655709533D-06 0.2428371655709533D-06

-0.2404950901525398D-07 -0.4528845255185268D-07 -0.4528845255185268D-07
0.3241558798437558D-08 0. 71031 84a o"'30958D-08 0.71031 84896000958D-08

-0.3423992518658962D-09 -0.91028544268'S0433D-09 -0.9102854426840433D-09
0.2656123735758442D-10 0.9146251630 32ý981 D- 10 0.9146251630822981 D-10

-0. 1344809528411308D- 11 -0.6753249440965090D- 11 -0.6753249440965090D- 11
0. 3332744815245408D- 13 0.3256755515337396D-1 2 0.3256755515337396D-12

-0.7693371 141612778D- 14 -0.7693371141612778D- 14
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Errata:

1. Equation (1) should be changed to

jf(x)dx = h(E f(xi) + f(xo) + f(zn-1) It
ýi i=1 ' 2 )+ -(-f(x-z )-f(xl)+ f(x"-)2 ) -f(x,))

2. Equation (2) should be changed to

n-2 ~f(xo) + XI)
n--2

T(fh h(wfe(t + t abulate hi St 7. are f a
2 j=1

3. The weights tabulated in Section 7.1 are -f, and not ; sthysh.d e

~~~~~~' .. .
as the sh ul be.l 
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